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Strong connections allow networks of neurons to 
store memories

Patterns of activity stabilized by strong synaptic weights (Hebb, 1949)

Neurons

Synapses

Attractors: self-sustained stable patterns of neural activity



High-capacity attractor networks

Current models either contain large numbers of attractors 
or show good noise tolerance

Can we construct an attractor network that is both high-
capacity and robust?

Use expander graphs to construct a robust high-capacity 
Hopfield network



Hopfield networks: canonical models of neural memory
Neurons (xi)

Symmetric synaptic 
connections (wij)

A neuron can be on

or off

Hopfield 1982, Hinton & Sejnowski 1985

also known as Ising models. Very similar to undirected graphical models
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Hopfield networks: canonical models of neural memory

Network dynamics

Neurons (xi)

Symmetric synaptic 
connections (wij)

A neuron can be on

or off

x4 = 0 if input < threshold
x4 = 1 if input > threshold
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Hopfield 1982, Hinton & Sejnowski 1985
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also known as Ising models. Very similar to undirected graphical models



Input

Hopfield networks: canonical models of neural memory

Network dynamics

Fixed points of the dynamics can be 
used to store memories

Neurons (xi)

Symmetric synaptic 
connections (wij)

A neuron can be on

or off

x4 = 0 if input < threshold
x4 = 1 if input > threshold

State

Dynamics

Memory A Memory BX
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Wi4xi

Hopfield 1982, Hinton & Sejnowski 1985
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also known as Ising models. Very similar to undirected graphical models



Stored states recovered from noisy or partial input

Network dynamics

MemoryPartial input

Memory B

Dynamics

Memory A

Noise tolerant computation

Associative recall

e.g., Fermat’s last _______



Capacity = number 
of fixed points

Activity of neuron 1
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Autoassociative (Hopfield) memory networks

Dynamics



Capacity = number 
of fixed points

Noise tolerance = fraction of errors beyond 
which original memory not recovered 

Activity of neuron 1
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Autoassociative (Hopfield) memory networks



Number of stable states Robustness

Amit 1985; Abu-Mostafa 1985; McEliece 
1987; Gardner 1988; Sompolinsky 1988;

Tanaka 1980; Baldi & Venkatesh 1987; 
Anderson 1989

~2N ~1

~N ~N

~N

Spin glasses

Random patterns

Structured patterns

~2N ~N ?

Can we combine high capacity and robustness?

~2√N, ~2N/log(N)
Hillar & Tran, 2018; Fiete et al, 2014



k-dim data 

N-dim embedding

noisy channel

Inspiration from error-correcting codes

codeword

Good codes have 
exponentially-many codewords

Correct finite fraction of errors

received 
message



xi 2 {0, 1}
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Hopfield networks of N nodes can have exponentially-many well-
separated energy minima 

Also see Sourlas, 1989

Codewords of a parity check code on N bits can be mapped to 
the energy minima of Hopfield networks on O(N) variables

higher-order Hopfield network, we prove that 
two-layer Hopfield network can do the same

For all Ci



Problem: ECCs are difficult to decode

Codeword

Stable state

Noisy message

Input state

Complex, non-
local decoding

Greedy, local 
network dynamics

X



ECCs can be represented by a bipartite graph

x1
<latexit sha1_base64="Y25RG+R1TcYqcShT+onWYYQeJcE=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWNFYwttKJvtpF262YTdjVhCf4IXDype/Ufe/Ddu2xy09cHA470ZZuaFqeDauO63s7S8srq2Xtoob25t7+xW9vYfdJIphj5LRKJaIdUouETfcCOwlSqkcSiwGQ6vJ37zEZXmibw3oxSDmPYljzijxkp3T12vW6m6NXcKski8glShQKNb+er0EpbFKA0TVOu256YmyKkynAkclzuZxpSyIe1j21JJY9RBPj11TI6t0iNRomxJQ6bq74mcxlqP4tB2xtQM9Lw3Ef/z2pmJLoKcyzQzKNlsUZQJYhIy+Zv0uEJmxMgSyhS3txI2oIoyY9Mp2xC8+ZcXiX9au6x5t2fV+lWRRgkO4QhOwINzqMMNNMAHBn14hld4c4Tz4rw7H7PWJaeYOYA/cD5/AHl1jXQ=</latexit><latexit sha1_base64="Y25RG+R1TcYqcShT+onWYYQeJcE=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWNFYwttKJvtpF262YTdjVhCf4IXDype/Ufe/Ddu2xy09cHA470ZZuaFqeDauO63s7S8srq2Xtoob25t7+xW9vYfdJIphj5LRKJaIdUouETfcCOwlSqkcSiwGQ6vJ37zEZXmibw3oxSDmPYljzijxkp3T12vW6m6NXcKski8glShQKNb+er0EpbFKA0TVOu256YmyKkynAkclzuZxpSyIe1j21JJY9RBPj11TI6t0iNRomxJQ6bq74mcxlqP4tB2xtQM9Lw3Ef/z2pmJLoKcyzQzKNlsUZQJYhIy+Zv0uEJmxMgSyhS3txI2oIoyY9Mp2xC8+ZcXiX9au6x5t2fV+lWRRgkO4QhOwINzqMMNNMAHBn14hld4c4Tz4rw7H7PWJaeYOYA/cD5/AHl1jXQ=</latexit><latexit sha1_base64="Y25RG+R1TcYqcShT+onWYYQeJcE=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWNFYwttKJvtpF262YTdjVhCf4IXDype/Ufe/Ddu2xy09cHA470ZZuaFqeDauO63s7S8srq2Xtoob25t7+xW9vYfdJIphj5LRKJaIdUouETfcCOwlSqkcSiwGQ6vJ37zEZXmibw3oxSDmPYljzijxkp3T12vW6m6NXcKski8glShQKNb+er0EpbFKA0TVOu256YmyKkynAkclzuZxpSyIe1j21JJY9RBPj11TI6t0iNRomxJQ6bq74mcxlqP4tB2xtQM9Lw3Ef/z2pmJLoKcyzQzKNlsUZQJYhIy+Zv0uEJmxMgSyhS3txI2oIoyY9Mp2xC8+ZcXiX9au6x5t2fV+lWRRgkO4QhOwINzqMMNNMAHBn14hld4c4Tz4rw7H7PWJaeYOYA/cD5/AHl1jXQ=</latexit><latexit sha1_base64="Y25RG+R1TcYqcShT+onWYYQeJcE=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWNFYwttKJvtpF262YTdjVhCf4IXDype/Ufe/Ddu2xy09cHA470ZZuaFqeDauO63s7S8srq2Xtoob25t7+xW9vYfdJIphj5LRKJaIdUouETfcCOwlSqkcSiwGQ6vJ37zEZXmibw3oxSDmPYljzijxkp3T12vW6m6NXcKski8glShQKNb+er0EpbFKA0TVOu256YmyKkynAkclzuZxpSyIe1j21JJY9RBPj11TI6t0iNRomxJQ6bq74mcxlqP4tB2xtQM9Lw3Ef/z2pmJLoKcyzQzKNlsUZQJYhIy+Zv0uEJmxMgSyhS3txI2oIoyY9Mp2xC8+ZcXiX9au6x5t2fV+lWRRgkO4QhOwINzqMMNNMAHBn14hld4c4Tz4rw7H7PWJaeYOYA/cD5/AHl1jXQ=</latexit>

x4
<latexit sha1_base64="l9+7TGIwZhlSe6tuZkO3wwGgRNM=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjxWNLbQhrLZTtulm03Y3Ygl9Cd48aDi1X/kzX/jts1BWx8MPN6bYWZemAiujet+O4WV1bX1jeJmaWt7Z3evvH/woONUMfRZLGLVCqlGwSX6hhuBrUQhjUKBzXB0PfWbj6g0j+W9GScYRHQgeZ8zaqx099StdcsVt+rOQJaJl5MK5Gh0y1+dXszSCKVhgmrd9tzEBBlVhjOBk1In1ZhQNqIDbFsqaYQ6yGanTsiJVXqkHytb0pCZ+nsio5HW4yi0nRE1Q73oTcX/vHZq+hdBxmWSGpRsvqifCmJiMv2b9LhCZsTYEsoUt7cSNqSKMmPTKdkQvMWXl4l/Vr2sere1Sv0qT6MIR3AMp+DBOdThBhrgA4MBPMMrvDnCeXHenY95a8HJZw7hD5zPH33+jXc=</latexit><latexit sha1_base64="l9+7TGIwZhlSe6tuZkO3wwGgRNM=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjxWNLbQhrLZTtulm03Y3Ygl9Cd48aDi1X/kzX/jts1BWx8MPN6bYWZemAiujet+O4WV1bX1jeJmaWt7Z3evvH/woONUMfRZLGLVCqlGwSX6hhuBrUQhjUKBzXB0PfWbj6g0j+W9GScYRHQgeZ8zaqx099StdcsVt+rOQJaJl5MK5Gh0y1+dXszSCKVhgmrd9tzEBBlVhjOBk1In1ZhQNqIDbFsqaYQ6yGanTsiJVXqkHytb0pCZ+nsio5HW4yi0nRE1Q73oTcX/vHZq+hdBxmWSGpRsvqifCmJiMv2b9LhCZsTYEsoUt7cSNqSKMmPTKdkQvMWXl4l/Vr2sere1Sv0qT6MIR3AMp+DBOdThBhrgA4MBPMMrvDnCeXHenY95a8HJZw7hD5zPH33+jXc=</latexit><latexit sha1_base64="l9+7TGIwZhlSe6tuZkO3wwGgRNM=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjxWNLbQhrLZTtulm03Y3Ygl9Cd48aDi1X/kzX/jts1BWx8MPN6bYWZemAiujet+O4WV1bX1jeJmaWt7Z3evvH/woONUMfRZLGLVCqlGwSX6hhuBrUQhjUKBzXB0PfWbj6g0j+W9GScYRHQgeZ8zaqx099StdcsVt+rOQJaJl5MK5Gh0y1+dXszSCKVhgmrd9tzEBBlVhjOBk1In1ZhQNqIDbFsqaYQ6yGanTsiJVXqkHytb0pCZ+nsio5HW4yi0nRE1Q73oTcX/vHZq+hdBxmWSGpRsvqifCmJiMv2b9LhCZsTYEsoUt7cSNqSKMmPTKdkQvMWXl4l/Vr2sere1Sv0qT6MIR3AMp+DBOdThBhrgA4MBPMMrvDnCeXHenY95a8HJZw7hD5zPH33+jXc=</latexit><latexit sha1_base64="l9+7TGIwZhlSe6tuZkO3wwGgRNM=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjxWNLbQhrLZTtulm03Y3Ygl9Cd48aDi1X/kzX/jts1BWx8MPN6bYWZemAiujet+O4WV1bX1jeJmaWt7Z3evvH/woONUMfRZLGLVCqlGwSX6hhuBrUQhjUKBzXB0PfWbj6g0j+W9GScYRHQgeZ8zaqx099StdcsVt+rOQJaJl5MK5Gh0y1+dXszSCKVhgmrd9tzEBBlVhjOBk1In1ZhQNqIDbFsqaYQ6yGanTsiJVXqkHytb0pCZ+nsio5HW4yi0nRE1Q73oTcX/vHZq+hdBxmWSGpRsvqifCmJiMv2b9LhCZsTYEsoUt7cSNqSKMmPTKdkQvMWXl4l/Vr2sere1Sv0qT6MIR3AMp+DBOdThBhrgA4MBPMMrvDnCeXHenY95a8HJZw7hD5zPH33+jXc=</latexit>

x6
<latexit sha1_base64="IqTDsBsCOEgQEHrh/I5S4vRfOO8=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE/LgVvXisaGyhDWWz3bZLN5uwOxFL6E/w4kHFq//Im//GbZuDtj4YeLw3w8y8MJHCoOt+O4Wl5ZXVteJ6aWNza3unvLv3YOJUM+6zWMa6GVLDpVDcR4GSNxPNaRRK3giH1xO/8ci1EbG6x1HCg4j2legJRtFKd0+ds0654lbdKcgi8XJSgRz1Tvmr3Y1ZGnGFTFJjWp6bYJBRjYJJPi61U8MTyoa0z1uWKhpxE2TTU8fkyCpd0ou1LYVkqv6eyGhkzCgKbWdEcWDmvYn4n9dKsXcRZEIlKXLFZot6qSQYk8nfpCs0ZyhHllCmhb2VsAHVlKFNp2RD8OZfXiT+SfWy6t2eVmpXeRpFOIBDOAYPzqEGN1AHHxj04Rle4c2Rzovz7nzMWgtOPrMPf+B8/gCBBI15</latexit><latexit sha1_base64="IqTDsBsCOEgQEHrh/I5S4vRfOO8=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE/LgVvXisaGyhDWWz3bZLN5uwOxFL6E/w4kHFq//Im//GbZuDtj4YeLw3w8y8MJHCoOt+O4Wl5ZXVteJ6aWNza3unvLv3YOJUM+6zWMa6GVLDpVDcR4GSNxPNaRRK3giH1xO/8ci1EbG6x1HCg4j2legJRtFKd0+ds0654lbdKcgi8XJSgRz1Tvmr3Y1ZGnGFTFJjWp6bYJBRjYJJPi61U8MTyoa0z1uWKhpxE2TTU8fkyCpd0ou1LYVkqv6eyGhkzCgKbWdEcWDmvYn4n9dKsXcRZEIlKXLFZot6qSQYk8nfpCs0ZyhHllCmhb2VsAHVlKFNp2RD8OZfXiT+SfWy6t2eVmpXeRpFOIBDOAYPzqEGN1AHHxj04Rle4c2Rzovz7nzMWgtOPrMPf+B8/gCBBI15</latexit><latexit sha1_base64="IqTDsBsCOEgQEHrh/I5S4vRfOO8=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE/LgVvXisaGyhDWWz3bZLN5uwOxFL6E/w4kHFq//Im//GbZuDtj4YeLw3w8y8MJHCoOt+O4Wl5ZXVteJ6aWNza3unvLv3YOJUM+6zWMa6GVLDpVDcR4GSNxPNaRRK3giH1xO/8ci1EbG6x1HCg4j2legJRtFKd0+ds0654lbdKcgi8XJSgRz1Tvmr3Y1ZGnGFTFJjWp6bYJBRjYJJPi61U8MTyoa0z1uWKhpxE2TTU8fkyCpd0ou1LYVkqv6eyGhkzCgKbWdEcWDmvYn4n9dKsXcRZEIlKXLFZot6qSQYk8nfpCs0ZyhHllCmhb2VsAHVlKFNp2RD8OZfXiT+SfWy6t2eVmpXeRpFOIBDOAYPzqEGN1AHHxj04Rle4c2Rzovz7nzMWgtOPrMPf+B8/gCBBI15</latexit><latexit sha1_base64="IqTDsBsCOEgQEHrh/I5S4vRfOO8=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE/LgVvXisaGyhDWWz3bZLN5uwOxFL6E/w4kHFq//Im//GbZuDtj4YeLw3w8y8MJHCoOt+O4Wl5ZXVteJ6aWNza3unvLv3YOJUM+6zWMa6GVLDpVDcR4GSNxPNaRRK3giH1xO/8ci1EbG6x1HCg4j2legJRtFKd0+ds0654lbdKcgi8XJSgRz1Tvmr3Y1ZGnGFTFJjWp6bYJBRjYJJPi61U8MTyoa0z1uWKhpxE2TTU8fkyCpd0ou1LYVkqv6eyGhkzCgKbWdEcWDmvYn4n9dKsXcRZEIlKXLFZot6qSQYk8nfpCs0ZyhHllCmhb2VsAHVlKFNp2RD8OZfXiT+SfWy6t2eVmpXeRpFOIBDOAYPzqEGN1AHHxj04Rle4c2Rzovz7nzMWgtOPrMPf+B8/gCBBI15</latexit>

x1 + x4 + x6 = 0
<latexit sha1_base64="dJviUZJAHe/C5YEhvP/8+4NA3VI=">AAAB83icbVBNS8NAEJ34WetX1aOXxSIIQkmk+HEQil48VjC20Iaw2W7apZtN3N2UltDf4cWDilf/jDf/jds2B219MPB4b4aZeUHCmdK2/W0tLa+srq0XNoqbW9s7u6W9/UcVp5JQl8Q8ls0AK8qZoK5mmtNmIimOAk4bQf924jcGVCoWiwc9SqgX4a5gISNYG8kb+s7p0K+aOr+2/VLZrthToEXi5KQMOep+6avdiUkaUaEJx0q1HDvRXoalZoTTcbGdKppg0sdd2jJU4IgqL5sePUbHRumgMJamhEZT9fdEhiOlRlFgOiOse2rem4j/ea1Uh5dexkSSairIbFGYcqRjNEkAdZikRPORIZhIZm5FpIclJtrkVDQhOPMvLxL3rHJVce6r5dpNnkYBDuEITsCBC6jBHdTBBQJP8Ayv8GYNrBfr3fqYtS5Z+cwB/IH1+QNUIZCz</latexit><latexit sha1_base64="dJviUZJAHe/C5YEhvP/8+4NA3VI=">AAAB83icbVBNS8NAEJ34WetX1aOXxSIIQkmk+HEQil48VjC20Iaw2W7apZtN3N2UltDf4cWDilf/jDf/jds2B219MPB4b4aZeUHCmdK2/W0tLa+srq0XNoqbW9s7u6W9/UcVp5JQl8Q8ls0AK8qZoK5mmtNmIimOAk4bQf924jcGVCoWiwc9SqgX4a5gISNYG8kb+s7p0K+aOr+2/VLZrthToEXi5KQMOep+6avdiUkaUaEJx0q1HDvRXoalZoTTcbGdKppg0sdd2jJU4IgqL5sePUbHRumgMJamhEZT9fdEhiOlRlFgOiOse2rem4j/ea1Uh5dexkSSairIbFGYcqRjNEkAdZikRPORIZhIZm5FpIclJtrkVDQhOPMvLxL3rHJVce6r5dpNnkYBDuEITsCBC6jBHdTBBQJP8Ayv8GYNrBfr3fqYtS5Z+cwB/IH1+QNUIZCz</latexit><latexit sha1_base64="dJviUZJAHe/C5YEhvP/8+4NA3VI=">AAAB83icbVBNS8NAEJ34WetX1aOXxSIIQkmk+HEQil48VjC20Iaw2W7apZtN3N2UltDf4cWDilf/jDf/jds2B219MPB4b4aZeUHCmdK2/W0tLa+srq0XNoqbW9s7u6W9/UcVp5JQl8Q8ls0AK8qZoK5mmtNmIimOAk4bQf924jcGVCoWiwc9SqgX4a5gISNYG8kb+s7p0K+aOr+2/VLZrthToEXi5KQMOep+6avdiUkaUaEJx0q1HDvRXoalZoTTcbGdKppg0sdd2jJU4IgqL5sePUbHRumgMJamhEZT9fdEhiOlRlFgOiOse2rem4j/ea1Uh5dexkSSairIbFGYcqRjNEkAdZikRPORIZhIZm5FpIclJtrkVDQhOPMvLxL3rHJVce6r5dpNnkYBDuEITsCBC6jBHdTBBQJP8Ayv8GYNrBfr3fqYtS5Z+cwB/IH1+QNUIZCz</latexit><latexit sha1_base64="dJviUZJAHe/C5YEhvP/8+4NA3VI=">AAAB83icbVBNS8NAEJ34WetX1aOXxSIIQkmk+HEQil48VjC20Iaw2W7apZtN3N2UltDf4cWDilf/jDf/jds2B219MPB4b4aZeUHCmdK2/W0tLa+srq0XNoqbW9s7u6W9/UcVp5JQl8Q8ls0AK8qZoK5mmtNmIimOAk4bQf924jcGVCoWiwc9SqgX4a5gISNYG8kb+s7p0K+aOr+2/VLZrthToEXi5KQMOep+6avdiUkaUaEJx0q1HDvRXoalZoTTcbGdKppg0sdd2jJU4IgqL5sePUbHRumgMJamhEZT9fdEhiOlRlFgOiOse2rem4j/ea1Uh5dexkSSairIbFGYcqRjNEkAdZikRPORIZhIZm5FpIclJtrkVDQhOPMvLxL3rHJVce6r5dpNnkYBDuEITsCBC6jBHdTBBQJP8Ayv8GYNrBfr3fqYtS5Z+cwB/IH1+QNUIZCz</latexit>

Variables

Constraint equations



What would a local decoding rule look like?

Variables

Constraints

Change state of variable to reduce numbers 
of violated constraints



What would a local decoding rule look like?

Variables

Constraints

Change state of variable to reduce numbers 
of violated constraints



What would a local decoding rule look like?

Variables

Constraints

Change state of variable to reduce numbers 
of violated constraints
Does not work for general codes (we show for Hamming 
codes fails with probability      1)
Local decoding if graph is a sparse expander

Expander codes: Sipser & Spielman, 1996



Bipartite expander graphs

have neighbors N(s) s.t.

N variables, degree z

M constraints, degree zc

expander: all sets of variables S s.t.  (�, (1� ✏))
<latexit sha1_base64="I+0a9aLzKTSRpveP+i6n8JUrx0A=">AAAB/nicbVDLSsNAFJ3UV62vqODGzWARWtCSiKDuim5cVjC20IQymU7aofMIMxOh1C78FTcuVNz6He78G6dtFlo9cOFwzr3ce0+cMqqN5305hYXFpeWV4mppbX1jc8vd3rnTMlOYBFgyqVox0oRRQQJDDSOtVBHEY0aa8eBq4jfvidJUilszTEnEUU/QhGJkrNRx9yphD3GOjmDFPw5JqimTolrtuGWv5k0B/xI/J2WQo9FxP8OuxBknwmCGtG77XmqiEVKGYkbGpTDTJEV4gHqkbalAnOhoNL1/DA+t0oWJVLaEgVP158QIca2HPLadHJm+nvcm4n9eOzPJeTSiIs0MEXi2KMkYNBJOwoBdqgg2bGgJworaWyHuI4WwsZGVbAj+/Mt/SXBSu6j5N6fl+mWeRhHsgwNQAT44A3VwDRogABg8gCfwAl6dR+fZeXPeZ60FJ5/ZBb/gfHwD/9SUXA==</latexit><latexit sha1_base64="I+0a9aLzKTSRpveP+i6n8JUrx0A=">AAAB/nicbVDLSsNAFJ3UV62vqODGzWARWtCSiKDuim5cVjC20IQymU7aofMIMxOh1C78FTcuVNz6He78G6dtFlo9cOFwzr3ce0+cMqqN5305hYXFpeWV4mppbX1jc8vd3rnTMlOYBFgyqVox0oRRQQJDDSOtVBHEY0aa8eBq4jfvidJUilszTEnEUU/QhGJkrNRx9yphD3GOjmDFPw5JqimTolrtuGWv5k0B/xI/J2WQo9FxP8OuxBknwmCGtG77XmqiEVKGYkbGpTDTJEV4gHqkbalAnOhoNL1/DA+t0oWJVLaEgVP158QIca2HPLadHJm+nvcm4n9eOzPJeTSiIs0MEXi2KMkYNBJOwoBdqgg2bGgJworaWyHuI4WwsZGVbAj+/Mt/SXBSu6j5N6fl+mWeRhHsgwNQAT44A3VwDRogABg8gCfwAl6dR+fZeXPeZ60FJ5/ZBb/gfHwD/9SUXA==</latexit><latexit sha1_base64="I+0a9aLzKTSRpveP+i6n8JUrx0A=">AAAB/nicbVDLSsNAFJ3UV62vqODGzWARWtCSiKDuim5cVjC20IQymU7aofMIMxOh1C78FTcuVNz6He78G6dtFlo9cOFwzr3ce0+cMqqN5305hYXFpeWV4mppbX1jc8vd3rnTMlOYBFgyqVox0oRRQQJDDSOtVBHEY0aa8eBq4jfvidJUilszTEnEUU/QhGJkrNRx9yphD3GOjmDFPw5JqimTolrtuGWv5k0B/xI/J2WQo9FxP8OuxBknwmCGtG77XmqiEVKGYkbGpTDTJEV4gHqkbalAnOhoNL1/DA+t0oWJVLaEgVP158QIca2HPLadHJm+nvcm4n9eOzPJeTSiIs0MEXi2KMkYNBJOwoBdqgg2bGgJworaWyHuI4WwsZGVbAj+/Mt/SXBSu6j5N6fl+mWeRhHsgwNQAT44A3VwDRogABg8gCfwAl6dR+fZeXPeZ60FJ5/ZBb/gfHwD/9SUXA==</latexit><latexit sha1_base64="I+0a9aLzKTSRpveP+i6n8JUrx0A=">AAAB/nicbVDLSsNAFJ3UV62vqODGzWARWtCSiKDuim5cVjC20IQymU7aofMIMxOh1C78FTcuVNz6He78G6dtFlo9cOFwzr3ce0+cMqqN5305hYXFpeWV4mppbX1jc8vd3rnTMlOYBFgyqVox0oRRQQJDDSOtVBHEY0aa8eBq4jfvidJUilszTEnEUU/QhGJkrNRx9yphD3GOjmDFPw5JqimTolrtuGWv5k0B/xI/J2WQo9FxP8OuxBknwmCGtG77XmqiEVKGYkbGpTDTJEV4gHqkbalAnOhoNL1/DA+t0oWJVLaEgVP158QIca2HPLadHJm+nvcm4n9eOzPJeTSiIs0MEXi2KMkYNBJOwoBdqgg2bGgJworaWyHuI4WwsZGVbAj+/Mt/SXBSu6j5N6fl+mWeRhHsgwNQAT44A3VwDRogABg8gCfwAl6dR+fZeXPeZ60FJ5/ZBb/gfHwD/9SUXA==</latexit>

|S|  �N
<latexit sha1_base64="Q/Tiyg2AVrbbNj4Ex9JAhJhrx4Y=">AAAB+HicbVBNS8NAEJ3Ur1q/oh69LBbBU0lEUG9FL56korGFJpTNdtMu3U3i7qZQ0v4TLx5UvPpTvPlv3LY5aPXBwOO9GWbmhSlnSjvOl1VaWl5ZXSuvVzY2t7Z37N29B5VkklCPJDyRrRAryllMPc00p61UUixCTpvh4GrqN4dUKpbE93qU0kDgXswiRrA2Use2x3djn9NH5PewEBjddOyqU3NmQH+JW5AqFGh07E+/m5BM0FgTjpVqu06qgxxLzQink4qfKZpiMsA92jY0xoKqIJ9dPkFHRumiKJGmYo1m6s+JHAulRiI0nQLrvlr0puJ/XjvT0XmQszjNNI3JfFGUcaQTNI0BdZmkRPORIZhIZm5FpI8lJtqEVTEhuIsv/yXeSe2i5t6eVuuXRRplOIBDOAYXzqAO19AADwgM4Qle4NXKrWfrzXqft5asYmYffsH6+AZC25L1</latexit><latexit sha1_base64="Q/Tiyg2AVrbbNj4Ex9JAhJhrx4Y=">AAAB+HicbVBNS8NAEJ3Ur1q/oh69LBbBU0lEUG9FL56korGFJpTNdtMu3U3i7qZQ0v4TLx5UvPpTvPlv3LY5aPXBwOO9GWbmhSlnSjvOl1VaWl5ZXSuvVzY2t7Z37N29B5VkklCPJDyRrRAryllMPc00p61UUixCTpvh4GrqN4dUKpbE93qU0kDgXswiRrA2Use2x3djn9NH5PewEBjddOyqU3NmQH+JW5AqFGh07E+/m5BM0FgTjpVqu06qgxxLzQink4qfKZpiMsA92jY0xoKqIJ9dPkFHRumiKJGmYo1m6s+JHAulRiI0nQLrvlr0puJ/XjvT0XmQszjNNI3JfFGUcaQTNI0BdZmkRPORIZhIZm5FpI8lJtqEVTEhuIsv/yXeSe2i5t6eVuuXRRplOIBDOAYXzqAO19AADwgM4Qle4NXKrWfrzXqft5asYmYffsH6+AZC25L1</latexit><latexit sha1_base64="Q/Tiyg2AVrbbNj4Ex9JAhJhrx4Y=">AAAB+HicbVBNS8NAEJ3Ur1q/oh69LBbBU0lEUG9FL56korGFJpTNdtMu3U3i7qZQ0v4TLx5UvPpTvPlv3LY5aPXBwOO9GWbmhSlnSjvOl1VaWl5ZXSuvVzY2t7Z37N29B5VkklCPJDyRrRAryllMPc00p61UUixCTpvh4GrqN4dUKpbE93qU0kDgXswiRrA2Use2x3djn9NH5PewEBjddOyqU3NmQH+JW5AqFGh07E+/m5BM0FgTjpVqu06qgxxLzQink4qfKZpiMsA92jY0xoKqIJ9dPkFHRumiKJGmYo1m6s+JHAulRiI0nQLrvlr0puJ/XjvT0XmQszjNNI3JfFGUcaQTNI0BdZmkRPORIZhIZm5FpI8lJtqEVTEhuIsv/yXeSe2i5t6eVuuXRRplOIBDOAYXzqAO19AADwgM4Qle4NXKrWfrzXqft5asYmYffsH6+AZC25L1</latexit><latexit sha1_base64="Q/Tiyg2AVrbbNj4Ex9JAhJhrx4Y=">AAAB+HicbVBNS8NAEJ3Ur1q/oh69LBbBU0lEUG9FL56korGFJpTNdtMu3U3i7qZQ0v4TLx5UvPpTvPlv3LY5aPXBwOO9GWbmhSlnSjvOl1VaWl5ZXSuvVzY2t7Z37N29B5VkklCPJDyRrRAryllMPc00p61UUixCTpvh4GrqN4dUKpbE93qU0kDgXswiRrA2Use2x3djn9NH5PewEBjddOyqU3NmQH+JW5AqFGh07E+/m5BM0FgTjpVqu06qgxxLzQink4qfKZpiMsA92jY0xoKqIJ9dPkFHRumiKJGmYo1m6s+JHAulRiI0nQLrvlr0puJ/XjvT0XmQszjNNI3JfFGUcaQTNI0BdZmkRPORIZhIZm5FpI8lJtqEVTEhuIsv/yXeSe2i5t6eVuuXRRplOIBDOAYXzqAO19AADwgM4Qle4NXKrWfrzXqft5asYmYffsH6+AZC25L1</latexit>

|N(S)| > (1� ✏)z|S|
<latexit sha1_base64="K3lSIKCvVIpqdOdkfa3Cf2/vCKE=">AAAB/3icbVBNS8NAEN3Ur1q/oh48eAkWoT1YEhHUixS9eJJKjS20oWy2m3bpZjfsboSa9OJf8eJBxat/w5v/xm2bg7Y+GHi8N8PMPD+iRCrb/jZyC4tLyyv51cLa+sbmlrm9cy95LBB2EadcNH0oMSUMu4ooipuRwDD0KW74g6ux33jAQhLO7tQwwl4Ie4wEBEGlpY65l96U6uX0ouQctXEkCeWs/JjW045ZtCv2BNY8cTJSBBlqHfOr3eUoDjFTiEIpW44dKS+BQhFE8ajQjiWOIBrAHm5pymCIpZdMHhhZh1rpWgEXupiyJurviQSGUg5DX3eGUPXlrDcW//NasQrOvISwKFaYoemiIKaW4tY4DatLBEaKDjWBSBB9q4X6UECkdGYFHYIz+/I8cY8r5xXn9qRYvczSyIN9cABKwAGnoAquQQ24AIEReAav4M14Ml6Md+Nj2pozspld8AfG5w+Y25VX</latexit><latexit sha1_base64="K3lSIKCvVIpqdOdkfa3Cf2/vCKE=">AAAB/3icbVBNS8NAEN3Ur1q/oh48eAkWoT1YEhHUixS9eJJKjS20oWy2m3bpZjfsboSa9OJf8eJBxat/w5v/xm2bg7Y+GHi8N8PMPD+iRCrb/jZyC4tLyyv51cLa+sbmlrm9cy95LBB2EadcNH0oMSUMu4ooipuRwDD0KW74g6ux33jAQhLO7tQwwl4Ie4wEBEGlpY65l96U6uX0ouQctXEkCeWs/JjW045ZtCv2BNY8cTJSBBlqHfOr3eUoDjFTiEIpW44dKS+BQhFE8ajQjiWOIBrAHm5pymCIpZdMHhhZh1rpWgEXupiyJurviQSGUg5DX3eGUPXlrDcW//NasQrOvISwKFaYoemiIKaW4tY4DatLBEaKDjWBSBB9q4X6UECkdGYFHYIz+/I8cY8r5xXn9qRYvczSyIN9cABKwAGnoAquQQ24AIEReAav4M14Ml6Md+Nj2pozspld8AfG5w+Y25VX</latexit><latexit sha1_base64="K3lSIKCvVIpqdOdkfa3Cf2/vCKE=">AAAB/3icbVBNS8NAEN3Ur1q/oh48eAkWoT1YEhHUixS9eJJKjS20oWy2m3bpZjfsboSa9OJf8eJBxat/w5v/xm2bg7Y+GHi8N8PMPD+iRCrb/jZyC4tLyyv51cLa+sbmlrm9cy95LBB2EadcNH0oMSUMu4ooipuRwDD0KW74g6ux33jAQhLO7tQwwl4Ie4wEBEGlpY65l96U6uX0ouQctXEkCeWs/JjW045ZtCv2BNY8cTJSBBlqHfOr3eUoDjFTiEIpW44dKS+BQhFE8ajQjiWOIBrAHm5pymCIpZdMHhhZh1rpWgEXupiyJurviQSGUg5DX3eGUPXlrDcW//NasQrOvISwKFaYoemiIKaW4tY4DatLBEaKDjWBSBB9q4X6UECkdGYFHYIz+/I8cY8r5xXn9qRYvczSyIN9cABKwAGnoAquQQ24AIEReAav4M14Ml6Md+Nj2pozspld8AfG5w+Y25VX</latexit><latexit sha1_base64="K3lSIKCvVIpqdOdkfa3Cf2/vCKE=">AAAB/3icbVBNS8NAEN3Ur1q/oh48eAkWoT1YEhHUixS9eJJKjS20oWy2m3bpZjfsboSa9OJf8eJBxat/w5v/xm2bg7Y+GHi8N8PMPD+iRCrb/jZyC4tLyyv51cLa+sbmlrm9cy95LBB2EadcNH0oMSUMu4ooipuRwDD0KW74g6ux33jAQhLO7tQwwl4Ie4wEBEGlpY65l96U6uX0ouQctXEkCeWs/JjW045ZtCv2BNY8cTJSBBlqHfOr3eUoDjFTiEIpW44dKS+BQhFE8ajQjiWOIBrAHm5pymCIpZdMHhhZh1rpWgEXupiyJurviQSGUg5DX3eGUPXlrDcW//NasQrOvISwKFaYoemiIKaW4tY4DatLBEaKDjWBSBB9q4X6UECkdGYFHYIz+/I8cY8r5xXn9qRYvczSyIN9cABKwAGnoAquQQ24AIEReAav4M14Ml6Md+Nj2pozspld8AfG5w+Y25VX</latexit>

S

“small” sets of nodes have “large” numbers of neighbors
“small” sets of nodes do not share many neighbors

N(S)

Expander graphs can be constructed randomly for large N

Some evidence that Kolmogorov introduced expanders to model the brain!

 Pinsker 1973, Alon & Spencer 2011

Gromov & Guth, 2011
Rich source of distributed algorithms



Why does expansion help with error correction?

Can fail when variables share constraints in common

Code must identify and correct errors using 
weak constraints

Who caused it?

One error Two errors

Constraints overwhelmed

Sipser & Spielman, 1996

Expansion guarantees that this does not happen often



Construct Hopfield network where stable states are 
determined by sparse constraints with expander structure

Representation layer 
N neurons

Constraint layer 
KN neurons

Sparse, 
decorrelated 
connections



Each constraint module implements a weak constraint

Ej(x1, x2, x3, x4)
<latexit sha1_base64="bkPpmyCBOpntvZQyYTmn1cvbUus=">AAAB/HicbVDLSsNAFJ3UV62v+Ni5GSxCBSlJLai7ogguKxhbaEOYTCft2MkkzEykNRR/xY0LFbd+iDv/xmmbhbYeOHA4517mzvFjRqWyrG8jt7C4tLySXy2srW9sbpnbO3cySgQmDo5YJJo+koRRThxFFSPNWBAU+ow0/P7lOG88ECFpxG/VMCZuiLqcBhQjpS3P3Lvy7ksDzz4eeBXNE83qkWcWrbI1AZwXdiaKIEPdM7/anQgnIeEKMyRly7Zi5aZIKIoZGRXaiSQxwn3UJS0tOQqJdNPJ9SN4qJ0ODCKhyRWcuL83UhRKOQx9PRki1ZOz2dj8L2slKjhzU8rjRBGOpw8FCYMqguMqYIcKghUbaoGwoPpWiHtIIKx0YQVdgj375XnhVMrnZfumWqxdZG3kwT44ACVgg1NQA9egDhyAwSN4Bq/gzXgyXox342M6mjOynV3wB8bnDzGPk1A=</latexit><latexit sha1_base64="bkPpmyCBOpntvZQyYTmn1cvbUus=">AAAB/HicbVDLSsNAFJ3UV62v+Ni5GSxCBSlJLai7ogguKxhbaEOYTCft2MkkzEykNRR/xY0LFbd+iDv/xmmbhbYeOHA4517mzvFjRqWyrG8jt7C4tLySXy2srW9sbpnbO3cySgQmDo5YJJo+koRRThxFFSPNWBAU+ow0/P7lOG88ECFpxG/VMCZuiLqcBhQjpS3P3Lvy7ksDzz4eeBXNE83qkWcWrbI1AZwXdiaKIEPdM7/anQgnIeEKMyRly7Zi5aZIKIoZGRXaiSQxwn3UJS0tOQqJdNPJ9SN4qJ0ODCKhyRWcuL83UhRKOQx9PRki1ZOz2dj8L2slKjhzU8rjRBGOpw8FCYMqguMqYIcKghUbaoGwoPpWiHtIIKx0YQVdgj375XnhVMrnZfumWqxdZG3kwT44ACVgg1NQA9egDhyAwSN4Bq/gzXgyXox342M6mjOynV3wB8bnDzGPk1A=</latexit><latexit sha1_base64="bkPpmyCBOpntvZQyYTmn1cvbUus=">AAAB/HicbVDLSsNAFJ3UV62v+Ni5GSxCBSlJLai7ogguKxhbaEOYTCft2MkkzEykNRR/xY0LFbd+iDv/xmmbhbYeOHA4517mzvFjRqWyrG8jt7C4tLySXy2srW9sbpnbO3cySgQmDo5YJJo+koRRThxFFSPNWBAU+ow0/P7lOG88ECFpxG/VMCZuiLqcBhQjpS3P3Lvy7ksDzz4eeBXNE83qkWcWrbI1AZwXdiaKIEPdM7/anQgnIeEKMyRly7Zi5aZIKIoZGRXaiSQxwn3UJS0tOQqJdNPJ9SN4qJ0ODCKhyRWcuL83UhRKOQx9PRki1ZOz2dj8L2slKjhzU8rjRBGOpw8FCYMqguMqYIcKghUbaoGwoPpWiHtIIKx0YQVdgj375XnhVMrnZfumWqxdZG3kwT44ACVgg1NQA9egDhyAwSN4Bq/gzXgyXox342M6mjOynV3wB8bnDzGPk1A=</latexit><latexit sha1_base64="bkPpmyCBOpntvZQyYTmn1cvbUus=">AAAB/HicbVDLSsNAFJ3UV62v+Ni5GSxCBSlJLai7ogguKxhbaEOYTCft2MkkzEykNRR/xY0LFbd+iDv/xmmbhbYeOHA4517mzvFjRqWyrG8jt7C4tLySXy2srW9sbpnbO3cySgQmDo5YJJo+koRRThxFFSPNWBAU+ow0/P7lOG88ECFpxG/VMCZuiLqcBhQjpS3P3Lvy7ksDzz4eeBXNE83qkWcWrbI1AZwXdiaKIEPdM7/anQgnIeEKMyRly7Zi5aZIKIoZGRXaiSQxwn3UJS0tOQqJdNPJ9SN4qJ0ODCKhyRWcuL83UhRKOQx9PRki1ZOz2dj8L2slKjhzU8rjRBGOpw8FCYMqguMqYIcKghUbaoGwoPpWiHtIIKx0YQVdgj375XnhVMrnZfumWqxdZG3kwT44ACVgg1NQA9egDhyAwSN4Bq/gzXgyXox342M6mjOynV3wB8bnDzGPk1A=</latexit>

x1
<latexit sha1_base64="Y25RG+R1TcYqcShT+onWYYQeJcE=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWNFYwttKJvtpF262YTdjVhCf4IXDype/Ufe/Ddu2xy09cHA470ZZuaFqeDauO63s7S8srq2Xtoob25t7+xW9vYfdJIphj5LRKJaIdUouETfcCOwlSqkcSiwGQ6vJ37zEZXmibw3oxSDmPYljzijxkp3T12vW6m6NXcKski8glShQKNb+er0EpbFKA0TVOu256YmyKkynAkclzuZxpSyIe1j21JJY9RBPj11TI6t0iNRomxJQ6bq74mcxlqP4tB2xtQM9Lw3Ef/z2pmJLoKcyzQzKNlsUZQJYhIy+Zv0uEJmxMgSyhS3txI2oIoyY9Mp2xC8+ZcXiX9au6x5t2fV+lWRRgkO4QhOwINzqMMNNMAHBn14hld4c4Tz4rw7H7PWJaeYOYA/cD5/AHl1jXQ=</latexit><latexit sha1_base64="Y25RG+R1TcYqcShT+onWYYQeJcE=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWNFYwttKJvtpF262YTdjVhCf4IXDype/Ufe/Ddu2xy09cHA470ZZuaFqeDauO63s7S8srq2Xtoob25t7+xW9vYfdJIphj5LRKJaIdUouETfcCOwlSqkcSiwGQ6vJ37zEZXmibw3oxSDmPYljzijxkp3T12vW6m6NXcKski8glShQKNb+er0EpbFKA0TVOu256YmyKkynAkclzuZxpSyIe1j21JJY9RBPj11TI6t0iNRomxJQ6bq74mcxlqP4tB2xtQM9Lw3Ef/z2pmJLoKcyzQzKNlsUZQJYhIy+Zv0uEJmxMgSyhS3txI2oIoyY9Mp2xC8+ZcXiX9au6x5t2fV+lWRRgkO4QhOwINzqMMNNMAHBn14hld4c4Tz4rw7H7PWJaeYOYA/cD5/AHl1jXQ=</latexit><latexit sha1_base64="Y25RG+R1TcYqcShT+onWYYQeJcE=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWNFYwttKJvtpF262YTdjVhCf4IXDype/Ufe/Ddu2xy09cHA470ZZuaFqeDauO63s7S8srq2Xtoob25t7+xW9vYfdJIphj5LRKJaIdUouETfcCOwlSqkcSiwGQ6vJ37zEZXmibw3oxSDmPYljzijxkp3T12vW6m6NXcKski8glShQKNb+er0EpbFKA0TVOu256YmyKkynAkclzuZxpSyIe1j21JJY9RBPj11TI6t0iNRomxJQ6bq74mcxlqP4tB2xtQM9Lw3Ef/z2pmJLoKcyzQzKNlsUZQJYhIy+Zv0uEJmxMgSyhS3txI2oIoyY9Mp2xC8+ZcXiX9au6x5t2fV+lWRRgkO4QhOwINzqMMNNMAHBn14hld4c4Tz4rw7H7PWJaeYOYA/cD5/AHl1jXQ=</latexit><latexit sha1_base64="Y25RG+R1TcYqcShT+onWYYQeJcE=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWNFYwttKJvtpF262YTdjVhCf4IXDype/Ufe/Ddu2xy09cHA470ZZuaFqeDauO63s7S8srq2Xtoob25t7+xW9vYfdJIphj5LRKJaIdUouETfcCOwlSqkcSiwGQ6vJ37zEZXmibw3oxSDmPYljzijxkp3T12vW6m6NXcKski8glShQKNb+er0EpbFKA0TVOu256YmyKkynAkclzuZxpSyIe1j21JJY9RBPj11TI6t0iNRomxJQ6bq74mcxlqP4tB2xtQM9Lw3Ef/z2pmJLoKcyzQzKNlsUZQJYhIy+Zv0uEJmxMgSyhS3txI2oIoyY9Mp2xC8+ZcXiX9au6x5t2fV+lWRRgkO4QhOwINzqMMNNMAHBn14hld4c4Tz4rw7H7PWJaeYOYA/cD5/AHl1jXQ=</latexit>

x2
<latexit sha1_base64="xm50HuSe3nfFb2vfiO2F5KtqiVc=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoN6KXjxWNLbQhrLZTtulm03Y3Ygl9Cd48aDi1X/kzX/jts1BWx8MPN6bYWZemAiujet+O4WV1bX1jeJmaWt7Z3evvH/woONUMfRZLGLVCqlGwSX6hhuBrUQhjUKBzXB0PfWbj6g0j+W9GScYRHQgeZ8zaqx099StdcsVt+rOQJaJl5MK5Gh0y1+dXszSCKVhgmrd9tzEBBlVhjOBk1In1ZhQNqIDbFsqaYQ6yGanTsiJVXqkHytb0pCZ+nsio5HW4yi0nRE1Q73oTcX/vHZq+hdBxmWSGpRsvqifCmJiMv2b9LhCZsTYEsoUt7cSNqSKMmPTKdkQvMWXl4lfq15WvduzSv0qT6MIR3AMp+DBOdThBhrgA4MBPMMrvDnCeXHenY95a8HJZw7hD5zPH3r4jXU=</latexit><latexit sha1_base64="xm50HuSe3nfFb2vfiO2F5KtqiVc=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoN6KXjxWNLbQhrLZTtulm03Y3Ygl9Cd48aDi1X/kzX/jts1BWx8MPN6bYWZemAiujet+O4WV1bX1jeJmaWt7Z3evvH/woONUMfRZLGLVCqlGwSX6hhuBrUQhjUKBzXB0PfWbj6g0j+W9GScYRHQgeZ8zaqx099StdcsVt+rOQJaJl5MK5Gh0y1+dXszSCKVhgmrd9tzEBBlVhjOBk1In1ZhQNqIDbFsqaYQ6yGanTsiJVXqkHytb0pCZ+nsio5HW4yi0nRE1Q73oTcX/vHZq+hdBxmWSGpRsvqifCmJiMv2b9LhCZsTYEsoUt7cSNqSKMmPTKdkQvMWXl4lfq15WvduzSv0qT6MIR3AMp+DBOdThBhrgA4MBPMMrvDnCeXHenY95a8HJZw7hD5zPH3r4jXU=</latexit><latexit sha1_base64="xm50HuSe3nfFb2vfiO2F5KtqiVc=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoN6KXjxWNLbQhrLZTtulm03Y3Ygl9Cd48aDi1X/kzX/jts1BWx8MPN6bYWZemAiujet+O4WV1bX1jeJmaWt7Z3evvH/woONUMfRZLGLVCqlGwSX6hhuBrUQhjUKBzXB0PfWbj6g0j+W9GScYRHQgeZ8zaqx099StdcsVt+rOQJaJl5MK5Gh0y1+dXszSCKVhgmrd9tzEBBlVhjOBk1In1ZhQNqIDbFsqaYQ6yGanTsiJVXqkHytb0pCZ+nsio5HW4yi0nRE1Q73oTcX/vHZq+hdBxmWSGpRsvqifCmJiMv2b9LhCZsTYEsoUt7cSNqSKMmPTKdkQvMWXl4lfq15WvduzSv0qT6MIR3AMp+DBOdThBhrgA4MBPMMrvDnCeXHenY95a8HJZw7hD5zPH3r4jXU=</latexit><latexit sha1_base64="xm50HuSe3nfFb2vfiO2F5KtqiVc=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoN6KXjxWNLbQhrLZTtulm03Y3Ygl9Cd48aDi1X/kzX/jts1BWx8MPN6bYWZemAiujet+O4WV1bX1jeJmaWt7Z3evvH/woONUMfRZLGLVCqlGwSX6hhuBrUQhjUKBzXB0PfWbj6g0j+W9GScYRHQgeZ8zaqx099StdcsVt+rOQJaJl5MK5Gh0y1+dXszSCKVhgmrd9tzEBBlVhjOBk1In1ZhQNqIDbFsqaYQ6yGanTsiJVXqkHytb0pCZ+nsio5HW4yi0nRE1Q73oTcX/vHZq+hdBxmWSGpRsvqifCmJiMv2b9LhCZsTYEsoUt7cSNqSKMmPTKdkQvMWXl4lfq15WvduzSv0qT6MIR3AMp+DBOdThBhrgA4MBPMMrvDnCeXHenY95a8HJZw7hD5zPH3r4jXU=</latexit>

x3
<latexit sha1_base64="1kUmAq+iyf7guN5BTV4y0dAg0C4=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUUG9FLx4rGltoQ9lst+3SzSbsTsQS+hO8eFDx6j/y5r9x2+agrQ8GHu/NMDMvTKQw6LrfTmFpeWV1rbhe2tjc2t4p7+49mDjVjPsslrFuhtRwKRT3UaDkzURzGoWSN8Lh9cRvPHJtRKzucZTwIKJ9JXqCUbTS3VPntFOuuFV3CrJIvJxUIEe9U/5qd2OWRlwhk9SYlucmGGRUo2CSj0vt1PCEsiHt85alikbcBNn01DE5skqX9GJtSyGZqr8nMhoZM4pC2xlRHJh5byL+57VS7F0EmVBJilyx2aJeKgnGZPI36QrNGcqRJZRpYW8lbEA1ZWjTKdkQvPmXF4l/Ur2serdnldpVnkYRDuAQjsGDc6jBDdTBBwZ9eIZXeHOk8+K8Ox+z1oKTz+zDHzifP3x7jXY=</latexit><latexit sha1_base64="1kUmAq+iyf7guN5BTV4y0dAg0C4=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUUG9FLx4rGltoQ9lst+3SzSbsTsQS+hO8eFDx6j/y5r9x2+agrQ8GHu/NMDMvTKQw6LrfTmFpeWV1rbhe2tjc2t4p7+49mDjVjPsslrFuhtRwKRT3UaDkzURzGoWSN8Lh9cRvPHJtRKzucZTwIKJ9JXqCUbTS3VPntFOuuFV3CrJIvJxUIEe9U/5qd2OWRlwhk9SYlucmGGRUo2CSj0vt1PCEsiHt85alikbcBNn01DE5skqX9GJtSyGZqr8nMhoZM4pC2xlRHJh5byL+57VS7F0EmVBJilyx2aJeKgnGZPI36QrNGcqRJZRpYW8lbEA1ZWjTKdkQvPmXF4l/Ur2serdnldpVnkYRDuAQjsGDc6jBDdTBBwZ9eIZXeHOk8+K8Ox+z1oKTz+zDHzifP3x7jXY=</latexit><latexit sha1_base64="1kUmAq+iyf7guN5BTV4y0dAg0C4=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUUG9FLx4rGltoQ9lst+3SzSbsTsQS+hO8eFDx6j/y5r9x2+agrQ8GHu/NMDMvTKQw6LrfTmFpeWV1rbhe2tjc2t4p7+49mDjVjPsslrFuhtRwKRT3UaDkzURzGoWSN8Lh9cRvPHJtRKzucZTwIKJ9JXqCUbTS3VPntFOuuFV3CrJIvJxUIEe9U/5qd2OWRlwhk9SYlucmGGRUo2CSj0vt1PCEsiHt85alikbcBNn01DE5skqX9GJtSyGZqr8nMhoZM4pC2xlRHJh5byL+57VS7F0EmVBJilyx2aJeKgnGZPI36QrNGcqRJZRpYW8lbEA1ZWjTKdkQvPmXF4l/Ur2serdnldpVnkYRDuAQjsGDc6jBDdTBBwZ9eIZXeHOk8+K8Ox+z1oKTz+zDHzifP3x7jXY=</latexit><latexit sha1_base64="1kUmAq+iyf7guN5BTV4y0dAg0C4=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUUG9FLx4rGltoQ9lst+3SzSbsTsQS+hO8eFDx6j/y5r9x2+agrQ8GHu/NMDMvTKQw6LrfTmFpeWV1rbhe2tjc2t4p7+49mDjVjPsslrFuhtRwKRT3UaDkzURzGoWSN8Lh9cRvPHJtRKzucZTwIKJ9JXqCUbTS3VPntFOuuFV3CrJIvJxUIEe9U/5qd2OWRlwhk9SYlucmGGRUo2CSj0vt1PCEsiHt85alikbcBNn01DE5skqX9GJtSyGZqr8nMhoZM4pC2xlRHJh5byL+57VS7F0EmVBJilyx2aJeKgnGZPI36QrNGcqRJZRpYW8lbEA1ZWjTKdkQvPmXF4l/Ur2serdnldpVnkYRDuAQjsGDc6jBDdTBBwZ9eIZXeHOk8+K8Ox+z1oKTz+zDHzifP3x7jXY=</latexit>

x4
<latexit sha1_base64="l9+7TGIwZhlSe6tuZkO3wwGgRNM=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjxWNLbQhrLZTtulm03Y3Ygl9Cd48aDi1X/kzX/jts1BWx8MPN6bYWZemAiujet+O4WV1bX1jeJmaWt7Z3evvH/woONUMfRZLGLVCqlGwSX6hhuBrUQhjUKBzXB0PfWbj6g0j+W9GScYRHQgeZ8zaqx099StdcsVt+rOQJaJl5MK5Gh0y1+dXszSCKVhgmrd9tzEBBlVhjOBk1In1ZhQNqIDbFsqaYQ6yGanTsiJVXqkHytb0pCZ+nsio5HW4yi0nRE1Q73oTcX/vHZq+hdBxmWSGpRsvqifCmJiMv2b9LhCZsTYEsoUt7cSNqSKMmPTKdkQvMWXl4l/Vr2sere1Sv0qT6MIR3AMp+DBOdThBhrgA4MBPMMrvDnCeXHenY95a8HJZw7hD5zPH33+jXc=</latexit><latexit sha1_base64="l9+7TGIwZhlSe6tuZkO3wwGgRNM=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjxWNLbQhrLZTtulm03Y3Ygl9Cd48aDi1X/kzX/jts1BWx8MPN6bYWZemAiujet+O4WV1bX1jeJmaWt7Z3evvH/woONUMfRZLGLVCqlGwSX6hhuBrUQhjUKBzXB0PfWbj6g0j+W9GScYRHQgeZ8zaqx099StdcsVt+rOQJaJl5MK5Gh0y1+dXszSCKVhgmrd9tzEBBlVhjOBk1In1ZhQNqIDbFsqaYQ6yGanTsiJVXqkHytb0pCZ+nsio5HW4yi0nRE1Q73oTcX/vHZq+hdBxmWSGpRsvqifCmJiMv2b9LhCZsTYEsoUt7cSNqSKMmPTKdkQvMWXl4l/Vr2sere1Sv0qT6MIR3AMp+DBOdThBhrgA4MBPMMrvDnCeXHenY95a8HJZw7hD5zPH33+jXc=</latexit><latexit sha1_base64="l9+7TGIwZhlSe6tuZkO3wwGgRNM=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjxWNLbQhrLZTtulm03Y3Ygl9Cd48aDi1X/kzX/jts1BWx8MPN6bYWZemAiujet+O4WV1bX1jeJmaWt7Z3evvH/woONUMfRZLGLVCqlGwSX6hhuBrUQhjUKBzXB0PfWbj6g0j+W9GScYRHQgeZ8zaqx099StdcsVt+rOQJaJl5MK5Gh0y1+dXszSCKVhgmrd9tzEBBlVhjOBk1In1ZhQNqIDbFsqaYQ6yGanTsiJVXqkHytb0pCZ+nsio5HW4yi0nRE1Q73oTcX/vHZq+hdBxmWSGpRsvqifCmJiMv2b9LhCZsTYEsoUt7cSNqSKMmPTKdkQvMWXl4l/Vr2sere1Sv0qT6MIR3AMp+DBOdThBhrgA4MBPMMrvDnCeXHenY95a8HJZw7hD5zPH33+jXc=</latexit><latexit sha1_base64="l9+7TGIwZhlSe6tuZkO3wwGgRNM=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjxWNLbQhrLZTtulm03Y3Ygl9Cd48aDi1X/kzX/jts1BWx8MPN6bYWZemAiujet+O4WV1bX1jeJmaWt7Z3evvH/woONUMfRZLGLVCqlGwSX6hhuBrUQhjUKBzXB0PfWbj6g0j+W9GScYRHQgeZ8zaqx099StdcsVt+rOQJaJl5MK5Gh0y1+dXszSCKVhgmrd9tzEBBlVhjOBk1In1ZhQNqIDbFsqaYQ6yGanTsiJVXqkHytb0pCZ+nsio5HW4yi0nRE1Q73oTcX/vHZq+hdBxmWSGpRsvqifCmJiMv2b9LhCZsTYEsoUt7cSNqSKMmPTKdkQvMWXl4l/Vr2sere1Sv0qT6MIR3AMp+DBOdThBhrgA4MBPMMrvDnCeXHenY95a8HJZw7hD5zPH33+jXc=</latexit>

Ej is low energy for some subset of configurations



Each constraint module is a Hopfield network

Network combines them near-optimally

Preferred stateNon-preferred state

High energy

Network dynamics

Tries to impose a set of preferred states on its inputs
Low energy

Each constraint is weak: constrains a small fraction of inputs to 
some large set of acceptable states

Competitive (winner-takes-all) dynamics in each module



Network operation

1. Input comes in

2. Constraint 
networks are 
either high or low 
energy

3. Neurons 
connected to 
more high than 
low energy 
constraints 
update their state

Stops at 
energy 
minimum
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Number of errors corrected > 

Robust to finite error probability

�N

� = �(1� 2✏)N

Network is                 expander:(�, (1� ✏))
<latexit sha1_base64="I+0a9aLzKTSRpveP+i6n8JUrx0A=">AAAB/nicbVDLSsNAFJ3UV62vqODGzWARWtCSiKDuim5cVjC20IQymU7aofMIMxOh1C78FTcuVNz6He78G6dtFlo9cOFwzr3ce0+cMqqN5305hYXFpeWV4mppbX1jc8vd3rnTMlOYBFgyqVox0oRRQQJDDSOtVBHEY0aa8eBq4jfvidJUilszTEnEUU/QhGJkrNRx9yphD3GOjmDFPw5JqimTolrtuGWv5k0B/xI/J2WQo9FxP8OuxBknwmCGtG77XmqiEVKGYkbGpTDTJEV4gHqkbalAnOhoNL1/DA+t0oWJVLaEgVP158QIca2HPLadHJm+nvcm4n9eOzPJeTSiIs0MEXi2KMkYNBJOwoBdqgg2bGgJworaWyHuI4WwsZGVbAj+/Mt/SXBSu6j5N6fl+mWeRhHsgwNQAT44A3VwDRogABg8gCfwAl6dR+fZeXPeZ60FJ5/ZBb/gfHwD/9SUXA==</latexit><latexit sha1_base64="I+0a9aLzKTSRpveP+i6n8JUrx0A=">AAAB/nicbVDLSsNAFJ3UV62vqODGzWARWtCSiKDuim5cVjC20IQymU7aofMIMxOh1C78FTcuVNz6He78G6dtFlo9cOFwzr3ce0+cMqqN5305hYXFpeWV4mppbX1jc8vd3rnTMlOYBFgyqVox0oRRQQJDDSOtVBHEY0aa8eBq4jfvidJUilszTEnEUU/QhGJkrNRx9yphD3GOjmDFPw5JqimTolrtuGWv5k0B/xI/J2WQo9FxP8OuxBknwmCGtG77XmqiEVKGYkbGpTDTJEV4gHqkbalAnOhoNL1/DA+t0oWJVLaEgVP158QIca2HPLadHJm+nvcm4n9eOzPJeTSiIs0MEXi2KMkYNBJOwoBdqgg2bGgJworaWyHuI4WwsZGVbAj+/Mt/SXBSu6j5N6fl+mWeRhHsgwNQAT44A3VwDRogABg8gCfwAl6dR+fZeXPeZ60FJ5/ZBb/gfHwD/9SUXA==</latexit><latexit sha1_base64="I+0a9aLzKTSRpveP+i6n8JUrx0A=">AAAB/nicbVDLSsNAFJ3UV62vqODGzWARWtCSiKDuim5cVjC20IQymU7aofMIMxOh1C78FTcuVNz6He78G6dtFlo9cOFwzr3ce0+cMqqN5305hYXFpeWV4mppbX1jc8vd3rnTMlOYBFgyqVox0oRRQQJDDSOtVBHEY0aa8eBq4jfvidJUilszTEnEUU/QhGJkrNRx9yphD3GOjmDFPw5JqimTolrtuGWv5k0B/xI/J2WQo9FxP8OuxBknwmCGtG77XmqiEVKGYkbGpTDTJEV4gHqkbalAnOhoNL1/DA+t0oWJVLaEgVP158QIca2HPLadHJm+nvcm4n9eOzPJeTSiIs0MEXi2KMkYNBJOwoBdqgg2bGgJworaWyHuI4WwsZGVbAj+/Mt/SXBSu6j5N6fl+mWeRhHsgwNQAT44A3VwDRogABg8gCfwAl6dR+fZeXPeZ60FJ5/ZBb/gfHwD/9SUXA==</latexit><latexit sha1_base64="I+0a9aLzKTSRpveP+i6n8JUrx0A=">AAAB/nicbVDLSsNAFJ3UV62vqODGzWARWtCSiKDuim5cVjC20IQymU7aofMIMxOh1C78FTcuVNz6He78G6dtFlo9cOFwzr3ce0+cMqqN5305hYXFpeWV4mppbX1jc8vd3rnTMlOYBFgyqVox0oRRQQJDDSOtVBHEY0aa8eBq4jfvidJUilszTEnEUU/QhGJkrNRx9yphD3GOjmDFPw5JqimTolrtuGWv5k0B/xI/J2WQo9FxP8OuxBknwmCGtG77XmqiEVKGYkbGpTDTJEV4gHqkbalAnOhoNL1/DA+t0oWJVLaEgVP158QIca2HPLadHJm+nvcm4n9eOzPJeTSiIs0MEXi2KMkYNBJOwoBdqgg2bGgJworaWyHuI4WwsZGVbAj+/Mt/SXBSu6j5N6fl+mWeRhHsgwNQAT44A3VwDRogABg8gCfwAl6dR+fZeXPeZ60FJ5/ZBb/gfHwD/9SUXA==</latexit>

|S|  �N =) |N(S)| > (1� ✏)z|S|
<latexit sha1_base64="aPF5r3s+g126s0voaywm0vQ9GDk=">AAACGXicbVDLSgMxFM34rPVVdekmWIS6sMyIoG6k6MZVqdRaoTOUTHpbQ5PMmGSEOu13uPFX3LhQcakr/8b0sfB1IHA451xu7gljzrRx3U9nanpmdm4+s5BdXFpeWc2trV/qKFEUajTikboKiQbOJNQMMxyuYgVEhBzqYfd06NdvQWkWyQvTiyEQpCNZm1FirNTMef1q3+dwg/0OEYLgMvaZsItB4365UN3pHxe8XR9izXgkd+5supnLu0V3BPyXeBOSRxNUmrl3vxXRRIA0lBOtG54bmyAlyjDKYZD1Ew0xoV3SgYalkgjQQTo6bYC3rdLC7UjZJw0eqd8nUiK07onQJgUx1/q3NxT/8xqJaR8GKZNxYkDS8aJ2wrGJ8LAn3GIKqOE9SwhVzP4V02uiCDW2zawtwft98l9S2yseFb3z/XzpZNJGBm2iLVRAHjpAJXSGKqiGKLpHj+gZvTgPzpPz6ryNo1POZGYD/YDz8QXnup/A</latexit><latexit sha1_base64="aPF5r3s+g126s0voaywm0vQ9GDk=">AAACGXicbVDLSgMxFM34rPVVdekmWIS6sMyIoG6k6MZVqdRaoTOUTHpbQ5PMmGSEOu13uPFX3LhQcakr/8b0sfB1IHA451xu7gljzrRx3U9nanpmdm4+s5BdXFpeWc2trV/qKFEUajTikboKiQbOJNQMMxyuYgVEhBzqYfd06NdvQWkWyQvTiyEQpCNZm1FirNTMef1q3+dwg/0OEYLgMvaZsItB4365UN3pHxe8XR9izXgkd+5supnLu0V3BPyXeBOSRxNUmrl3vxXRRIA0lBOtG54bmyAlyjDKYZD1Ew0xoV3SgYalkgjQQTo6bYC3rdLC7UjZJw0eqd8nUiK07onQJgUx1/q3NxT/8xqJaR8GKZNxYkDS8aJ2wrGJ8LAn3GIKqOE9SwhVzP4V02uiCDW2zawtwft98l9S2yseFb3z/XzpZNJGBm2iLVRAHjpAJXSGKqiGKLpHj+gZvTgPzpPz6ryNo1POZGYD/YDz8QXnup/A</latexit><latexit sha1_base64="aPF5r3s+g126s0voaywm0vQ9GDk=">AAACGXicbVDLSgMxFM34rPVVdekmWIS6sMyIoG6k6MZVqdRaoTOUTHpbQ5PMmGSEOu13uPFX3LhQcakr/8b0sfB1IHA451xu7gljzrRx3U9nanpmdm4+s5BdXFpeWc2trV/qKFEUajTikboKiQbOJNQMMxyuYgVEhBzqYfd06NdvQWkWyQvTiyEQpCNZm1FirNTMef1q3+dwg/0OEYLgMvaZsItB4365UN3pHxe8XR9izXgkd+5supnLu0V3BPyXeBOSRxNUmrl3vxXRRIA0lBOtG54bmyAlyjDKYZD1Ew0xoV3SgYalkgjQQTo6bYC3rdLC7UjZJw0eqd8nUiK07onQJgUx1/q3NxT/8xqJaR8GKZNxYkDS8aJ2wrGJ8LAn3GIKqOE9SwhVzP4V02uiCDW2zawtwft98l9S2yseFb3z/XzpZNJGBm2iLVRAHjpAJXSGKqiGKLpHj+gZvTgPzpPz6ryNo1POZGYD/YDz8QXnup/A</latexit><latexit sha1_base64="aPF5r3s+g126s0voaywm0vQ9GDk=">AAACGXicbVDLSgMxFM34rPVVdekmWIS6sMyIoG6k6MZVqdRaoTOUTHpbQ5PMmGSEOu13uPFX3LhQcakr/8b0sfB1IHA451xu7gljzrRx3U9nanpmdm4+s5BdXFpeWc2trV/qKFEUajTikboKiQbOJNQMMxyuYgVEhBzqYfd06NdvQWkWyQvTiyEQpCNZm1FirNTMef1q3+dwg/0OEYLgMvaZsItB4365UN3pHxe8XR9izXgkd+5supnLu0V3BPyXeBOSRxNUmrl3vxXRRIA0lBOtG54bmyAlyjDKYZD1Ew0xoV3SgYalkgjQQTo6bYC3rdLC7UjZJw0eqd8nUiK07onQJgUx1/q3NxT/8xqJaR8GKZNxYkDS8aJ2wrGJ8LAn3GIKqOE9SwhVzP4V02uiCDW2zawtwft98l9S2yseFb3z/XzpZNJGBm2iLVRAHjpAJXSGKqiGKLpHj+gZvTgPzpPz6ryNo1POZGYD/YDz8QXnup/A</latexit>
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Learning / self-organization

Activate neurons by random feedforward inputs + recurrent 
inhibition

Start with random connections between input neurons and 
constraint nodes

Hebbian one-shot learning
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What does this predict for neural coding?

Dense stable coding core

Sparse transient activation

Higher-order correlations 
for high capacity

Anatomical clustering 
patterns and motif 
distributions

Probe with optical 
imaging

Ziv 2013

Exponential coding on a 
small fraction of network 
vastly outperforms 
classical strategies



Conclusions

Expander codes allow new Hopfield network construction with 
exponentially-many robust stable states

Two-layer network with sparse constraint structure

Most neurons are only rarely active, representations are pairwise 
decorrelated but have structure in higher-order moments, and 
connectivity between layers is random (up to constraint modules)

ECCs can be mapped to Hopfield networks


